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Introduction

Theneedforall-to-allpropagators

•AnticipatingsmallnumberofveryexpensivefullQCD

configurationsinthenearfuture

−wanttogetasmuchinformationasonecan

fromtheexpensiveconfigurations

−pointpropagatorswouldbeahugewaste

•Flavoursingletphysics

pointpropagatorsnotsufficient

disconnecteddiagrams

•Betteroperatorsandthevariationalmethod
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What’stheproblemthen?

•Nx∗Ny∗Nz∗Nt∗Nspin∗Ncolourinversions

typicallymorethanamillionquarkinversions

•StochasticEstimates

averageoverrandomsources→noisy

•SpectralDecomposition

getafinitenumberofthelowlyingmodesexactly

?exactbuttruncation

What’sthesolutionthen?

•solveforloweigenmodesandcorrectforthetruncationusingthe

noisymethod(butintheleastnoisiestway)
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SpectralDecomposition

Thephysicsinthelowlyingmodes

•Asmallnumberofthelowlyingmodessolvedexactlywillcapture

muchoftheimportantphysics(Bardeenetal.,SESAM,...)

HermitianDiracMatrixQ=γ5M

Solvelow-lyingeigenvectors,v
(i)

(~x,t),andtheireigenvalues,λi

Qv
(i)

=λiv
(i)

Truncatedpropagator=
∑

Nev

i
1
λiv

(i)
(~x,t)⊗v

(i)†
(~x0,t0)γ5

brutaltruncation
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StochasticEstimation

Averageovermanyrandomsamplesoneachconfiguration,

•createnoisesourceη
(A)

(x)

with<<η
(A)
η

(B)†
>>=δAB

•solutionψ
(A)

(~x,t)=M
−1

(~x,t;~x0,t0)η
(A)

(~x0,t0)

•Quarkpropagator=<<ψ
(A)

(~x,t)⊗η
(A)†

(~x0,t0)>>

Unbiasedestimateoftheall-to-allquarkpropagatorwithNstsamples

ofrandomnoisesources

↔butisnoisy

(variousmethodsofvariancereductionC.Michaeletal.,...)
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DilutingtheNoise

Dilutetherandomnoisevector,η

η=η
(1)

+η
(2)

+η
(3)

+···+η
(Nd)

wherethevectorsη
(i)

’saremostlyzero.Solutionis,

ψ=ψ
(1)

+ψ
(2)

+ψ
(3)

+···+ψ
(Nd)

whereQψ
(i)

=η
(i)

Theall-to-allquarkpropagatoristhen,

Q
−1

(~x,t;~x0,t0)=
Nd ∑

i

ψ
a(i)
m(~x,t)⊗η

†b(i)
n(~x0,t0)γ5
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ColorDilution
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ExamplesofDilutions

•TimedilutionNdil=Nt

η
(i)

haveonlynonzeroentriesontimeslicet=i

...likewallsourceoneverytimeslice(Fukugitaetal.)

•ColourdilutionNdil=Ncolour

η
(i)

haveonlynonzeroentriesforcolourindexa=i

•Spindilution,Even-Odd(space)dilution,etc.etc.

Continuediluting...

?fulldilution≡fullall-to-allpropagator!
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•Ifyouchoosethedilutionincorrectly,thendilutionwillnot

decreasetheerrors

eg.dilutingtwocomponentsthatdonotcommunicate

witheachother

•Butifchosenwisely,onegetalargegain

variancefromnoisevectorscanbeeffectivelyreducedto

zerobeforereachingthe“homeopathiclimit”

(wherethenoisefromthegaugeconfigurationsdominate)

•thebestdilutionmaydependontheapplicationofinterest

(Wilcox,SESAM)

(sometuninginvolved)
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•exploitη=η
(1)

+η
(2)

andψ=ψ
(1)

+ψ
(2)

forfurtherdilutions
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PseudoScalarCorrelator

Cπ(∆t)=<Ψ̄[1]γ5Ψ[0](t)Ψ̄[0]γ5Ψ[1](t0)>

=
∑

t0

Nd ∑

i=1

Nd ∑

j=1

[

η
(i)†
[0](t)ψ

(j)
[1](t)

][

η
(j)†
[1](t0)ψ

(i)
[0](t0)

]

wherei,jaredilutionindicies.

DisconnectedCorrelator

Cdisc(∆t)=
∑

t0

Nd ∑

j=1

{

η
(j)†
[1](t0+∆t)γ5Γψ

(j)
[1](t0+∆t)

}

×
Nd ∑

i=1

{

η
(i)†
[0](t0)γ5Γ

†
ψ

(i)
[0](t0)

}
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CorrectingtheTruncation

•SolvedforNevlowesteigenmodesexactly

•Correctforthetruncationwiththe“noisy”method

•Wanttodothiswithoutlosingthelowmodes

Thetruncationnaturallydividesthespaceofsolutions,V,intotwo

subspaces,V0andV1.

V=V0⊕V1

Q=
Nev ∑

i

λi~v
(i)

⊗~v
(i)†

+
N∑

Nev+1

λi~v
(i)

⊗~v
(i)†

=Q0+Q1
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DefiningQ̄0≡
∑

Nev

i
1
λi~vi⊗~v

(i)†
andQ̄1≡

∑

N
Nev+1

1
λi~vi⊗~v

(i)†

wehaveQ
−1

=Q̄0+Q̄1.

...SowejustneedtogetQ̄1

Definetheprojectionoperators,

P0=
Nev ∑

i=1

~v
(i)

⊗~v
(i)†

P0+P1=1P0P1=0

P
2
0=P0P

2
1=P1

Byprojectingthe“noisy”sourcesontoV1withP1η=(1−P0)η,we

cancorrectforthetruncationwithoutintroducingnoiseinthelow

modes.
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Inotherwords,

Q
−1

=Q̄0+Q̄1

=Q̄0+Q
−1
P1

=Q̄0+Q
−1
P1<<η⊗η

†
>>

=Q̄0+<<ψ⊗η
†
>>

where<<ηi⊗η
†
j>>=δijandψisthesolutionto,

Qψ=(P1η)

=(1−P0)η

June2004Lattice2004(Fermilab)Page16



ImprovingAlgorithmstoComputeAllElementsoftheLatticeQuarkPropagator(I)

PSeffectivemass
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PSeffectivemass

June2004Lattice2004(Fermilab)Page18



ImprovingAlgorithmstoComputeAllElementsoftheLatticeQuarkPropagator(I)

HybridListMethod

•SpectralDecomposition

G=
∑

Nev

i
1
λiv

(i)
(~x,t)⊗v

(i)†
(~x0,t0)γ5

•NoiseMethod

G=
∑

Nd

iψ
(i)

(~x,t)⊗η
(i)†

(~x0,t0)γ5

Onecannaturallycombinethetwoapproachesbyformingalong

(‘hybrid’)list,

u
(i)

=

{

1

λ1

v
(1)
,

1

λ2

v
(2)
,···,

1

λNev

v
(Nev)

,ψ
(1)
,ψ

(2)
,···,ψ

(Ndil)

}

w
(i)

=
{

v
(1)
,v

(2)
,···,v

(Nev)
,η

(1)
,η

(2)
,···,η

(Ndil)
}
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Theall-to-allquarkpropagatoristhensimply,

G=
Nlist ∑

i

u
(i)

(~x,t)⊗w
(i)†

(~x0,t0)γ5

MesonCorrelationFunctions

CAB=
Nlist ∑

i

Nlist ∑

j

{

w
(i)†
[0](t)γ5Γu

(j)(A)
[1](t)

}{

w
(j)(B)†
[1](t0)γ5Γ

†
u

(i)
[0](t0)

}

Disconnectedpieces,

Cdisconn=
Nlist ∑

j

{

w
(j)†
[1](t)γ5Γu

(j)
[1](t)

}Nlist ∑

i

{

w
(i)†
[0](t0)γ5Γ

†
u

(i)
[0](t0)

}

where[0]and[1]areflavourindicesand{}indicateatraceoverspin

andcolourindices.
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•stochasticmethodcanexactlycorrectforthetruncationwithout

ruiningtheexactlysolvedloweigenmodes

•dependingontheproblem,onecanincrease/decreasethe

numberoftheexacltysolvedmodes(tunable)

•operatorconstructionbecomesmucheasierandmoreintuitive

(ψ
†
Γψtypeconstruction)

•dilutionwillbeneededtokeepthenoiseleveldown

recallthatdilutionmethodgivestheexactall-to-all

inafinitenumberofstepsanyway
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Recipe

1Determinesomenumberoflowlyingeigenvaluesand

eigenmodes

2Estimatethebestlowestlevelofdilution

3SolveforalloftheNdilsolutions{ψ
(d)
}

3Constructthehybridlistandcontractallindices
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SummaryofPartI

•Nomore“pointquarkpropagators”!

•forverylightquarks,exactloweigenmodesareimportant

solve“afew”exactly

•correctforthetruncationwithstochasticmethod

Dilutionmethodhaszerovarianceinthehomeopathiclimit

(expectsmallvarianceifdilutionischosenappropriately)

•HybridListallowsanaturalwaytocombinethemethods

#ofexactmodesand#ofdilutionscanbetuned

•onecannotlose(exceptfordiskspace!)
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?Dilutionmustkeepthenoiseleveldownforthistowork

Doesit?.......nexttalk.......
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